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We calculate the explicit expression of the effective potential in a A0 4 theory at finite temperature in a static 
universe for arbitrary spacetime dimensions (2 < D < 5). To study the combined effects of the temperature 
and scale factor to the spontaneous symmetry breaking we evaluate the effective potential at finite temperature 
in R ®S D ~' and R®H D ~ l . The phase structure of a Xtj) 4 theory is found by observing the minimum of the 
effective potential with varying temperature and scale factor. All the ring diagrams are resummed for D > 4 to 
improve the loop expansion at high temperature. For a conformally coupled and a minimally coupled scalar field 
it is shown that temperature and positive curvature suppress the symmetry breaking, while negative curvature 
enhances it. The conformally coupled scalar has larger curvature effects than the minimally coupled one. 
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I. INTRODUCTION 

The idea of spontaneous symmetry breaking has an impor- 
tant role in elementary particle physics. In fact it is understood 
that the electroweak symmetry is spontaneously broken down 
through the Higgs mechanism. Grand unified theories (GUT) 
are constructed on a basis of spontaneous gauge symmetry 
breaking to yield a theory at low energy scale. It is generally 
expected that a more fundamental theory with a higher sym- 
metry is realized in the early universe. Thus one of the possi- 
ble environment to test the mechanism of symmetry breaking 
is found in the early universe where the fundamental sym- 
metry is broken down. In the early stage of universe, espe- 
cially at GUT era, we can neglect the thermal and curvature 
effects. The spontaneous symmetry breaking takes place un- 
der the influence of the high temperature, strong curvature and 
non-trivial topology. 

Much attention has been paid in the study of the sponta- 
neous symmetry breaking under the circumstance of the high 
temperature, strong curvature and non-trivial topology. For 
this purpose finite temperature quantum field theory is inves- 
tigated in curved space time JHSIlMIIlSIzllllElGIliniEl 
fl3l. 11411 The effective action of the system is calculated to de- 
termine the ground state. Where the ground state of the system 
breaks a symmetry of the Lagrangian, the symmetry is broken 
down spontaneously. If the universe is almost static, homo- 
geneous and isotropic, it is quite natural to assume an order 
parameter of the symmetry dose not depend on the spacetime 
coordinates. Under this assumption a ground state is found by 
observing the minimum of the effective potential as a func- 
tion of an order parameter |6]. Hence, the effective potential 
of many kinds of quantum field theories is evaluated at finite 
temperature and/or finite curvature with the spacetime struc- 
ture fixed (for a review, see Ref. fl5ll and references therein). 

In the present paper we consider a real scalar fields with 
<j) 4 interaction in static homogeneous and isotropic spacetime. 



'Electronic address: inagaki@hiroshima-u.ac.jp Also at Information Media 
Center, Hiroshima University 



The X(j) 4 theory is one of the simplest models where a dis- 
crete symmetry is spontaneously broken down. To find the 
ground state of the system we evaluate the effective poten- 
tial at high temperature and strong curavture. In two, three 
and four spacetime dimensions the theory is renormalizable. 
Beyond five dimensions the theory is nonrenormalizable. We 
confine ourselves to the spacetime dimensions greater than or 
equal to 2 and less than 5 and calculate the renormalized effec- 
tive potential. The curvature effect to the symmetry breaking 
comes from a scale factor dependence of the covariant deriva- 
tive and a coupling between the scalar field and the gravita- 
tional field. One-loop and two-loop corrections to scalar field 
theories in linear curvature approximation were found in Refs. 
d and 0, respectvely. This method is gneral, any renor- 
malizable theory maybe studied in this way (including back- 
grounds of non-trivial topology) but at small curvaure only. 

We assume that the system is in equilibrium and introduce 
the temperature. The assumption is not acceptable in a gen- 
eral curved spacetime. We then restrict ourselves in the static 
universe. Therefore we work in the scalar A0 4 theory in 
the positive curvature spacetime R (g) S D ~ 1 and negative cur- 
vature spacetime R®H D ~ 1 . An exact expression for scalar 
and spinor two-point functions is calculated in R g) S D ~ l and 
R®H D ~ l CI El IS! Sill SI. It is one of the fundamen- 
tal object in dealing with quantum field theories. The vac- 
uum energy density for scalar and spinor fields is obtained in 
R <8 S D ~ 124 l25 l j2q | . Thermal effect to the vacuum energy 
is discussed in 0, 0] . The curvature effect for symmetry 
breaking is studied for the A (ft 4 theory and the four-fermion 
theory in R ® S D ~ l jl3 SH. It has been found that the 
broken symmetry is restored for a sufficiently small scale fac- 
tor. Following the imaginary time formalism, we calculate the 
effective potential at finite temperature in curved spacetime. 
For D > 4 a naive coupling expansion is not valid at high tem- 
perature. To improve the loop expansion we resum all the ring 
diagrams 1 30] and estimate the effective potential for D > 4. 

The paper is organized in the following way. In Sec. II we 
briefly review a basic formalism to calculate the effective po- 
tential for a l^ 4 theory in curved spacetime. In Sec. Ill we 
calculate the effective potential in RtgiS ^ 1 and R®H D ~ 1 
without making any approximation in the spacetime curva- 



ture. According to the imaginary time formalism the tempera- 
ture is introduced in the theory. The ordinary renormalization 
procedure in a flat spacetime is used to obtain the renormal- 
ized effective potential. In Sec. IV we numerically calculate 
the effective potential at finite temperature in R ® S D ~ 1 and 
R<g)H D ~ l . Characteristic behaviors of the effective potential 
are shown as the scale factor varies in the fixed temperature. 
Section V gives the concluding remarks. 

II. X(j) 4 THEORY IN CURVED SPACETIME 

In this section we summarise how to obtain the effective 
potential in the Feynmann path-integral formalism. Here we 
consider the A0 4 theory constructed by a real scalar field with 
a 4 interaction. It is one of the simplest models where the 
spontaneous symmetry breaking takes place. The theory is 
defined by the Lagrangian, 



(1) 



where is a real scalar field, ijuo corresponds to the bare 
mass of the scalar field, Ao the bare coupling constant for the 
scalar self-interaction, the bare coupling constant between 
the scalar field and the gravitational field. 

The Lagrangian is invariant under the discrete transforma- 
tion, 



0^-0. 



(2) 



This Z2 symmetry prevents the Lagrangian from having 
terms. Because of the minus sign of the mass term the sym- 
metric state, (0) = 0, is unstable in a classical level. If the 
non-vanishing expectation value is assigned to the field in 
the ground state, the discrete symmetry is eventually broken. 
To see the phase structure of the theory we want to find a 
ground state. 

In quantum theories the ground state is determined by ob- 
serving the minimum of the effective potential. Here we 
briefly review the effective potential for A0 4 theory. We start 
with the generating functional of the theory which is given by 



_ / ^ e i/A v / =g(-^(«+w ) (3) 



where g is the determinant of the metric tensor g^ v . In the 
presence of the source J the classical equation of motion be- 
comes 



-J(x), 



where S[<j>] is the action 

S[0] = / 



(4) 



(5) 



In curved spacetime the functional derivative is defined by 

SS 



S[<j) + 8<p}-S[<p} = J d D x^ 



50(jc) 



<50 (x). 



(6) 



We divide the field into a classical background 0^ which 
satisfies the Eq.@ and a quantum fluctuation 0, 



<j) = <j> b +n^ 2 ^. 

In terms of 0# and the action S[(j>] is rewritten as 

S[<p]=S[fa+h 1 ' 2 $] 

= S[<j) b ] - f d D x*/=gJ(x)h 1/2 <j>(x) 



(7) 



d D x / Av^VIWIW'G^^jIIW 



2, 

+O(7i 3/2 3 ), 
where G 1 (x,y) is the scalar two-point function, 



(8) 



iG l (x,y) 



(9) 



Therefore the generating functional Q is expanded to be 



,0 e i I d D xSd D y*J^)y/^)${x)iG-\x,y)§(y)+0{K X12 ) . 

(10) 

Performing the path-integral, 

J ®§ e ^d D xSd D y^/^)^fWmx)iG- l (xM{y) 

= [Det iCT l ]~ 1/2 , (11) 
we obtain the generating functional 



W[J] = S[h]- / d D Xy/=g~J(x)<j) b (x) 



■~ln [Det iG' 1 ] + 0(?i 3/2 ) 



(12) 



The effective action r[0 c ] is given by the Legendre trans- 
form of W[J], 



r[4> c ] = w[j}- d D x^<j> c (x)j{x), 



(13) 



where C denotes the expectation value of in the presence of 
the source J, 



0, 



8W[J] 
8J 



(14) 



From Eq. H2\ the effective action is expanded to be 



r[0 c ]=S[0 c ]-^ln[Det iG' 1 ] + 0(h^ 2 ). (15) 

If there is a translational invariance, <p c (x) in the ground 
state dose not depend on the spacetime coordinates. In such a 



3 



case it is more convenient to consider the effective potential. 
The effective potential V((j>) is defined by 



7(0) 



rfoto = 0] 



§0 „ ,2 Mo A 2 . ^0 



2*' 2 



iti 



4! 



4 + ^ln[Det/G- 1 ] 



(16) 



where we put a constant value <j) c (x) = and £2 is the space- 
time volume 



Q. = J dPx-^g. 



(17) 



The expectation value of in the ground state satisfies 

SW[J] 



(<j)) = lim 



j^q 8J 



(18) 



This equation is rewritten as 

<5r[0 c ] 



8<j)c 



= 0, 



(19) 



(20) 



where we have used the relation 

5r[<M =/ 

The equation dl9l l is called the gap equation. Here we assume 
that the expectation value of in the ground state is inde- 
pendent of the spacetime coordinate x. In this case the gap 
equation dl9l reduces to 



dV(<j>) 



d<j> 



= 0. 



(21) 



-<<!>) 



The expectation value (0 ) is obtained by solving the gap equa- 
tion @T). 



IH. EFFECTIVE POTENTIAL IN/?®S AND R ® H°- 1 

Here we introduce the curvature and temperature in the the- 
ory and calculate the effective potential. First we consider the 
constant curvature space R ® S D ~ 1 and R ® H D ~ 1 as Euclidean 
analog of the static Einstein universe. The manifold R ® S D ~ 
is represented by the metric 

ds 2 = dr 2 + a 2 (d9 2 + sin 2 9dQ. D _ 2 ), (22) 

where t/£2o_2 is the metric on a unit sphere S D ~ 2 and a is the 
scale factor. It is a constant curvature spacetime with positive 
curvature 

/?=(D-1)(D-2)1. (23) 
or 

The manifold R ® H D ~ 1 which is represented by the metric 

ds 2 =dr 2 + a 2 (d6 2 + smh 2 edQ. D _ 2 ), (24) 
is also a constant curvature spacetime with negative curvature 



* = -(Z)-l)(D-2)i 



(25) 



A. Effective potential at r = 

The effective potential d!6i is described by the two-point 
function G(x,y) of the real scalar fields. The effect of the 
spacetime structure is introduced to the effective potential 
through this two-point function. 

In Euclidean spacetime the effective potential V((j>) reads 



V(0) = l^-M^ + ^+^hfDet^G-i)] 
+0(ft 3 / 2 ) 



—R§ 2 - ^2-0 2 + — </> 4 + — Trln (-G~ 
2 v 2 v 4! v 2Q. v 

+0(fc 3/2 ). 



(26) 



The scalar two-point function satisfies the Klein-Gordan equa- 
tion 



(d 4 ) 2 + nD-i-<^ + Mo-y0 2 



G(x,y) 



1 



V8 



8 D (x,y), 



(27) 



where Do-i is the Laplacian on S D . Thus the effective po- 
tential V (0) is rewritten as 

7(0) = |/^_^2 + Ay 



+ 4 Trin 

+0(fi 3 / 2 ) 



(«9 4 ) 2 + n D -i-^ + Mo-^0 2 



4£2 7o 



xTr 



(a 4 ) 2 + n D -i-^ + Mo 2 -y^ 2 



-l 



(28) 



At the last line we normalise the effective potential so that 
V(0) = and neglect the 0(/z 3/2 ) term. The integrand in the 
last line of the Eq.j28> is described by the Green function 

G(x,x,m), 



Tr 



(«54) 2 + nD-i-^ + Mo™y'« 2 



i -i 



= — J d D x^/gG(x,x;<p =m). 
Thus the effective potential reads 

v(0) = |^ 2 -f 2 + ^0 4 



(29) 



— — / dm 2 G(x,x;m). 
4 Jo 



(30) 



4 



Substituting Ea. J30> to Ea.(l21>. we obtain the following ex- 
pression for the gap equation 



5V(0) 



8(p 

= (</>) UoR T 2h G{x ^ (0))) = o. 

(31) 

On the manifolds R ® S D ~ 1 the solution of Eq.( l27t is given 

bydliSSElElEl 



,3-D 



G(x,y;m) 



(47t)i D - i y 2 J 2% 



r| — + i% r — ;a s 



D— 1 



(32) 



D-2 



D-2 



£>-l 



-;cos* 



where (7 is the geodesic distance between x and y on 5 D 1 and 
as is defined by 



a s = \ f{(o)a 2 + {D-l){D-2)^- 



{D-2f 



with 



/(ffl) = (D z -^ + —m l . 



(33) 



(34) 



The two-point function d32t develops many singularities at 
(7 = 27T7ia where n is an arbitrary integer. This property is a 
direct consequence of the boundedness of the manifold S D ~ l . 
In other words the geodesic distance a is bounded in [0, 2nd). 
Thus the two-point function d32t satisfies the periodic bound- 
ary condition G((y — x)^, o) — G((y — x)^, a + 2nna). 

Following the procedure developed in Ref. I22B we can 
solve Eq.j27> on the manifold R®H D ~ l and find the two- 
point function, 



„3-D 



G(x,y;m) = 



,2-D- 



x cosh 
/D-2 

xF 



T(2a H + l) 



l 



■OLh : - + och, 2au + 1 ; cosh 



\2a 



(35) 



where a is the geodesic distance between x and y on H D 1 
and an is defined by 



a H = Jf(co)a 2 -(D-l)(D-2)^- 



(D-2f 



(36) 



On R ® 1 the geodesic distance c is not bounded. The 
two-point function J35i dose not have any singularities except 
for the limit a — ► 0. 

Substituting Eqs.l|33J and A35I to Eq.j30>. we obtain the ef- 
fective potential V(0) onR®S D ~\ 



' 4 (4w)( B - 1 )/ 2 

J! dm2 I 



(37) 



r(I + /a s )r(I-/a s 



and on R®H 



D-l 



3-D 



3-D 



4 (4a:)( D - 1 )/ 2 V 2 



x / c/m , 
io 7 2%„(\-D 



a H 



(38) 



where we have used the relation 



n«,P,M r(7 _ a)r(7 _^' 



(39) 



B. Effective potential at finite temperature 

Next we introduce the effect of the finite temperature. Since 
the manifolds R <E> S D ~ 1 and R ® H D ~ 1 have no time evolution, 
the equilibrium state can be defined. Here we follow the stan- 
dard procedure of the imaginary time formalism. 

At finite temperature Eg. (1291 is modified as 



Tr 



(d 4 ) 2 + D D ^-^R + ^-Y ml 



dx4 / d x^/gG(x,x;<j) — m), 



(40) 



where /3 = 1 / (ksT) with kg the Boltzmann constant and T 
the temperature. The fourth component of the coordinate X4 is 
bounded in [0, j3). 

Following the standard procedure of the imaginary time for- 
malism (for a review, see Ref. 1 30]), the scalar two point func- 
tion at finite temperature is obtained by the replacement, 



dco 
1% 



1 



ft) 



r n=—<*> 

_ 2n 



(41) 



5 



Thus the effective potential at finite temperature on R ® S D 1 
reads 



TiXq a 3 ~ D /3-D 
"4^"(4^)( -')/2 

:: i ( +i« S Jr( — ^— -ICI S 



(42) 



/ / dm 2 V 



with 



a s = V/(^)« 2 + (0-l)(0-2)^o- 



(D-2) 2 



(43) 



and o\\R®H 



D-l 



,3-Z) 



4J3 (4 ? r)( D - 1 )/ 2 



3-D 



r [ — — + a H 



4-D 



(44) 



with 



a H = \ f(co„y-(D-l)(D-2)$ 



(D-2) 2 



(45) 



As is known, the ordinary loop expansion is not always 
valid for Bose fields at finite temperature. Higher order 
contributions of loop expansion contain terms of the order 
0(XT D ~ 2 /(j) 2 ). At high temperature these terms are not neg- 
ligible for D > 4. The terms proportional to T D ~ 2 are de- 
scribed by Ring diagrams. We resum all the Ring diagrams 
to improve the loop expansion for D > 4. The resummed re- 
sult is obtained by the following replacement in the two-point 
function 1 3(J 



M 2 



n = -ill 

^rf^W-D)^.^) 



2 J * v ' 4 
For D = 4 Ea. (l46> reduces to the well-known formula 

kXoT 2 



-Mo -» n = -Mo 



24 



(47) 



We apply the replacement i46t to the a,$ and a# in Eqs. J42> 
and (0^. 



C. Renormalization 

The effective potential V((j>) obtained in the previous sec- 
tion is divergent in two and four dimensions. To obtain the 



finite effective potential we must renormalize the theory in 
two and four spacetime dimensions. 

First we introduce the renormalization procedure in a fiat 
spacetime. The effective potential in D-dimensional fiat 
spacetime is given by 



Vb(0) 



Mo .2 i ^0a4 



with 



/o(0) = h I dm z 
Jo 



4! Y 2{\%) D I 



d D k 



Wl J U<t>) > (48) 



(27r) D fe 2_ M 2 + ^ w 2' 
Integrating over m 2 and k in Eq.(l49>. we obtain 



./i.(0) = r(-f 



-Mo 



y> 2 ) B/2 -(-Mor /2 



(49) 



•(50) 



It is divergent in two- and four-dimensions. 

We introduce the renormalization procedure by imposing 
the renormalization conditions 



d 2 V 



0=0 



"Mr: 



<3 4 Vo 



(51) 



where M is the renormalization scale. From these conditions 
we obtain the renormalized mass parameter ji r and the cou- 
pling constant A, ; 



2 2 
Mr = Mo 



2(\%) D I 2 



-MoT 72 - 1 , 



(52) 



D 



2(4^/ 2 r l 2 -2jl^ + y M 



W (£-2) (-M ( 2 + yV 2 



2 , ^ »^2 N " 



(53) 



-A 2 M 4 (|-2 



D 



Mo 2 + yM 2 



-2 



Replacing the bare parameters, jio and Ao, with the renor- 
malized ones, jj, r and A r , we obtain the renormalized effective 
potential 



Mr" 2 



r a4 



D 



2(4k) d / 2 



2-4\(4n) D / 2 



2 ,l\ D I 2\ D / 2 

~Mr +y> J -(-M 2 ) 



D/2-2 



D 



3+6A r M 2 ~-2 



D 



-M 2 + yM 2 



-1 



-A 2 M 



D 



-2 



-2" 



(54) 



6 



If we take the two-dimensional limit, D^2, the renormalized 
potential reduces to 



7 



2 V 

2a4 



In 



-0 H ?-!- 

16a^ 192a 



-6A,-M 2 
f2A, 2 M 4 



Ar w2 

— Ar 

2 



-l 



"Mr 



-AP 



-3 



(55) 



Taking the four-dimensional limit, we obtain the renormalize 
effective potential 

Vo(« = -f 2 +^ 4 

W ^2 

_&Aj_ 4 / -Ml+A^/2 \ 
256a 2 9 ^-M r 2 + A r M 2 /2y 
7iA r 22 TO A 2 4 



128a: 2 
fcA 3 



512a 2 
M 2 



128 a 2 -/i 2 + X r M 2 /2 



hXt 



M 4 



768a 2 (-^ + X r M 2 /2) 2 



4 - 



(56) 



Thus the finite expression of the effective potential is obtained. 

In the two- and the four-dimensional manifolds R®S D and 
R®H D we obtain a finite expression for the effective potential 
by the renormalization conditions ( 1521 and (1531 . To see it we 
consider the conformal coupled case for simplicity. Under the 
conformal coupling 



D-2 
4(2) -1)' 



(57) 



the effective potential 03 on R ® S D for D = 2 and D = 4 
reads 



y(0)=y o (0) + -L0 2 + ^(0), 



(58) 



with 



c/O) 



1 



— 2a 1 /aj 2 -M r 2 + A r m 2 /2 
' (59) 



1 _ e 27r«^(0 2 -;i, 2 +A,.m 2 /2 ' 



and 



/° =4 (4>) 



/ dm 2 , 
4a Jo 2a 



c/O) ^J(0 2 - jX 2 + X r m 2 /2 



l7Za^(i) 2 -p.}+X r m 1 /2 

(60) 



The additional term f D ((j>) is obviously convergent. 

On R®H D the effective potential OH* for for D = 2 and 
D = 4 reduces to 



V(0)=V O (</>)- 



i* 2 



(61) 



There is no divergent terms which depend on the scale fac- 
tor a. The ultra-violet divergence in the effective potential 
fl58l > and ( 16 U is cancelled out by using the same renormalized 
parameters 03 ar, d E3 obtained in a flat spacetime. The 
renormalized effective potential V(<p) is given by replacing Vq 
with the one in Ea. (l54> . 

Extension to the finite temperature case is also trivial. As 
is well-known, thermal effects do not change the ultra-violet 
behavior of the theory. Thus no new divergent terms appear 
at finite temperature (See Vr(0) in the next section). All the 
divergent terms are cancelled out by applying the renormal- 
ization procedure for T = in a flat spacetime. 



IV. NUMERICAL CALCULATION 

We wish to observe the thermal and curvature effect on the 
effective potential. For this purpose the effective potential is 
calculated numerically as a function of the field . 

The expressions ( 1421 and ( 1441 are not useful for a numeri- 
cal analysis, since the divergent part is not clearly separated. 
Hence the summation appeared in the expression is not con- 
vergent. To obtain the finite expression of the effective poten- 
tial we use the following trick 12911 . 

At finite temperature in a flat spacetime the effective poten- 
tial for A0 4 theory is given by 



hX rf 2 

+ — / dm 1 
4/3 Jo 



vD-ii 



1 



(2a 



(62) 



where all the ring diagrams is resummed for D > 4. We re- 
place — /I 2 to II (I46> in the propagator. If the spacetime di- 
mensions are much smaller than four, for example 2 < D < 3, 
we put II = —fx 2 . We perform the integration over k in Eq.( l62t 
and find 



v(4>) = 



2 v 

hX 



4! V 



3-D 



4/3 (4a)(°- 1 )/2 

: f dm 2 V (c0 2 + n + ^m 2 )(°- 3 )/ 2 
Jo „—«, 2 



(63) 



The divergent term for T — is contained in the infinite sum- 
mation. 

If we perform a summation and integration over m 2 and an- 



gle variables first in Eq. J62l > and leave the integration over k, 



7 



we obtain the following expression for the effective potential 
V(<j>) 



0.0001 



2 V T 4! V 



2 (47T) / 2 

ft 2 



(n + ^ 2 ) D / 2 -n°/ 2 



i 



J3 (4?r)( D - 1 )/2 



k°~ 2 dkln- 



D-l 



l-e 



V {<(>)+Vt(<I>), 



(64) 



where Vb(0) is the effective potential J48i for r = in a fiat 
spacetime. The divergent term at T = is included in V(0). 
The divergence is cancelled out after the renormalization dis- 
cussed in the previous section. W(0) is finite in the spacetime 
dimensions 2 < D < 5. 

Comparing Eq.(l63> with Eq.(l64K we find the relationship 



i r ( — — 

2(4tt) d / 2 V 2 

h 2 



(n + ^ 2 ) D / 2 -n°/ 2 



]8 (4tzY d 



-l)/2 



x J k°- 2 dkln 

hX i 



D-l 



3-D' 



4/3 (4 ? r)( D - 1 )/ 2 

x f dm 2 V (col+Tl + ^m 2 )^ 2 . 
Jo n f«, 2 



(65) 



(66) 



Inserting Eq. (l66t into Eas. J42t and J44i . we obtain the finite 
expression for the effective potential on R ® S D 



V(0)=V O (0) 
S 2 



J3 (47r)( p - 1 V 2 r / /) - i 

x J k°- 2 dk\n 
hX 1 



3-D' 



4j5 (4^)( D -!)/2 

x / dm 2 Y 
Jo n fL« 



co 2 + U 



(D-3V2 



'D-2 \/D-2 

r( — — + ia s r — — ;a s 



,3—2? 



(67) 



CD 

a: 



-0.0001 



-0.0002 




FIG. 1: Behavior of the effective potential for fl 2 
M^~ D and D = 3.5 in a flat spacetime as T varies. 



and on R ® // D 



0.1M 2 , A 



J3 (4^)( D -')/2 r ^D-l 



x J k°- 2 dk]n 
hX 1 



l _ e -pVk 2 Tri 
3-D' 



4/3 (4tt)( d - 1 )/ 2 " V 2 
c/m 2 V 



I \ (»-3)/2 
0) 2 + n + -m 2 



r [ — — + ok 



,3-D 



/4-D 
r [ — — + a H 



(68) 



The renormalized effective potential V(<j>) is given by re- 
placing Vo with the one in Eq.(I54>. It should be noted that we 
replace — fj, 2 with II in the second line of Eq. ( l54l for D > 4 to 
improve the loop expansion at high temperature. By using the 
expressions J67> and d68l we show some characteristic behav- 
iors of the effective potential near the critical point where the 
phase transition takes place. The effective potential develops 
a non-vanishing imaginary part in the present renormalization 
conditions. Below we draw the real part of the effective po- 
tential. We take the natural unit and put h = 1. All the mass 
scale is normalized by the renormalization scale M. 

It is well-known that the Z2 symmetry under the transfor- 
mation i54\ is broken spontaneously for ix > in an infinite 
volume fiat spacetime (i.e., Minkowski spacetime) at T = 0. 
As is seen in Fig. \l\ the symmetry broken spontaneously is 
restored at high temperature. If the temperature is no less then 
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FIG. 2: Behavior of the effective potential for T = 1.35M in a flat 
spacetime at D = 3.3, 3.5, 3.7, 3.9 for /l 2 = 0. 1M 2 and X = M 4 ~ D . 
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a critical value T c , the minimum of the effective potential lo- 
cates at = 0. The ground state keeps the Z2 symmetry under 
the transformation 0. There is a second order phase transi- 
tion as T is increased for D = 3.5. 

In Fig. |2]and[3]a d dependence of the effective potential is 
presented with the temperature fixed at T — 2.35M. To draw 
the figures we use the resumed propagator. The dependence 
becomes larger near the four spacetime dimensions. It seems 
that the critical temperature has a gap at an integer dimen- 
sions. 

We observe the behavior of the effective potential in R (g) 
S D ~ l at finite temperature. It is found in Ref. 1 27] that a posi- 
tive curvature suppress the symmetry breaking for T = in the 
Einstein universe. To see the curvature effect at finite temper- 
ature, we take a temperature lower than the critical one and 
calculate the effective potential in R (£> S D ~ 1 . The behaviors 
of the effective is illustrated for a conformally coupled scalar 
field, 4 = (D — 2)/ (AD — 4) , and for a minimally coupled one, 
4 = in Figs. 0]and|5j respectively. As is seen in the figures, 
a positive curvature restores the symmetry. The ground state 



is always symmetric under the transformation (0 for T > T c 
in R ® S D ~ . For fx = the spontaneous symmetry breaking is 
induced by only a radiative correction 1 3 1 ] . The broken sym- 
metry is restored by a larger scale factor, in other words, a 
smaller curvature. There is the first order phase transition as a 
is decreased with T kept small and fixed. 

The curvature effect to the symmetry breaking comes from 
a curvature dependence of the covariant derivative and a cou- 
pling 4 between the scalar field and the gravitational field. We 
clearly observe in Fig. |5] that the curvature effect can restore 
the broken symmetry without a coupling The curvature 
effect for | = is smaller than the one for a conformally cou- 
pled case. 

Next we study the curvature effect in the negative curvature 
space R(£)H D ~ at finite temperature. We fix the tempera- 
ture above the critical one and see whether the Z2 symmetry 
is broken down in an environment of the small scale factor a. 
In Figs. [6] and [7] we plot the typical behavior of the effective 
potential at D = 3.5 as the scale factor a varies. As is seen in 
the figures, we observe that there is a second order phase tran- 
sition and the Z2 symmetry is broken down as a is decreased. 
In the negative curvature case a larger scale factor is enough 
to break the symmetry for fi = 0. We see in Fig. a negative 
curvature breaks the symmetry without a coupling S, . 



V. CONCLUDING REMARKS 

We have investigated the behavior of the effective poten- 
tial at finite temperature and curvature in arbitrary dimensions 
(2 < D < 5). We discuss the curvature and thermal effects to 
the effective potential for both a minimally coupled and con- 
formally coupled scalar fields. 

Starting from the theory with broken Z2 symmetry at T = 
and a — > °°, we calculate the renormalized effective potential 
for finite T and a. The broken Z2 symmetry is restored at a cer- 
tain critical temperature and scale factor in R ® S D ~ 1 . Above 
the critical temperature the restored symmetry is broken down 
again at a certain critical scale factor in R (g) H D ~ 1 . The phase 
transition from the broken phase to the symmetric phase is ei- 
ther of the first order or the second order for D = 3.5. The 
critical temperature and scale factor depend on the parameters 
of the theory and D. 

The effective potential divelops a non-vanishing imaginary 
part. If we take the other renormaliztion conditions, 



d 2 V Q 



d 4 V Q 



(69) 



<>=M 



we can define a real effective potential for D > 4. 

Although the present work is restricted to the calculation of 
the effective potential, we are interested in applying our result 
to the full analysis of the phase structure and physical prob- 
lems. A consequence of symmetry breaking may be found 
to study critical phenomena in the early stage of universe. It 
gives rise to a possibility that some cosmological observable 
show sings of symmetry breaking. The phase transition may 
affect the evolution of the spacetime structure. The spacetime 
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structure depends on the ground state of the system trough 
the expectation value of the stress tensor. This dependence 
may change the minimum of the effective potential. Thus the 
spacetime evolution may affect the symmetry breaking. To 
obtain the contribution of this back reaction we must solve the 
Einstein equation and the gap equation simultaneously 00]. 

The thermal effect may be significantly stronger in most 
of realistic situations at the early stage of the universe. The 
curvature effect may cause a nonstatic field configurations. 
Decreasing the temperature, spontaneous symmetry breaking 
may occur from the negative curvature place. There is a pos- 
sibility to observe the combined effect of the temperature and 
curvature is a fluctuation of some fields. However, we cannot 
deal with the nonstatic configurations in the effective poten- 



tial approach. For summing up contributions from different 
region we will need a new idea. 



Acknowledgments 

The authors would like to thank T. Fujihara and D. Kimura 
for useful discussions. We also thank the Yukawa Institute 
for Theoretical Physics at Kyoto University. Discussions dur- 
ing the YITP workshop YITP-W-04-07 on "Thermal Quan- 
tum Field Theories and Their Applications" were useful to 
complete this work. 



[1] J. S. Dowker and R. Critchley, Phys. Rev. D15 (1977) 1484. 
[2] B. M. Altaie and J. S. Dowker, Phys. Rev. D 18 (1978) 3557. 
[3] B. M. Altaie, Phys. Rev. D 65 (2002) 044028. 
[4] B. M. Altaie and M. R. Setare, Phys. Rev. D 67 (2003) 044018. 
[5] G. Kennedy, J. Phys. A 11 (1978) L77. 
[6] B. L. Hu, Phys. Lett. B 123 (1983) 189. 
[7] L. F. Chen and B. L. Hu, Phys. Lett. B 160 (1985) 36. 
[8] B. L. Hu, R. Critchley and A. Stylianopoulos, Phys. Rev. D 35 
(1987) 510. 

[9] P. Roy, R. Roychoudhury and M. Sengupta, Class. Quant. Grav. 
6, 2037 (1989). 

[10] G. Cognola and L. Vanzo, Mod. Phys. Lett. A 7 (1992) 3677. 

[11] K. Kirsten, Class. Quant. Grav. 10 (1993) 1461. 

[12] D. V. Fursaev and G. Miele, Phys. Rev. D 49, 987 (1994) 

|arXiv:hep-th/9302078|. 
[13] J. Frenkel, E. A. Gaffney and J. C. Taylor, Nucl. Phys. B 439 

(1995) 131. 

[14] Y. V. Gusev and A. I. Zelnikov, Phys. Rev. D 59 (1999) 024002. 
[15] I. L. Buchbinder, S. D. Odintsov and I. L. Shapiro, Effective 

Action in Quantum Gravity (IOP Pub. Bristol, UK, 1992). 
[16] I. L. Buchbinder and S. D. Odintsov, Class. Quant. Grav. 2 

(1985) 721. 



[17] S. D. Odintsov, Phys. Lett. B 306 (1993) 233. 
[18] P. Candelas and D. J. Raine, Phys. Rev. D12 (1975) 965. 
[19] B. Allen and T. Jacobson, Commun. Math. Phys. 103 (1986) 
669. 

[20] B. Allen and C. A. Liitken, Commun. Math. Phys. 106 (1986) 
201. 

[21] R. Camporesi, Commun. Math. Phys. 148 (1992) 283. 

[22] T. Inagaki, K. Ishikawa and T. Muta, hep-th/95 12205 

[23] T. Inagaki, K. Ishikawa and T. Muta, Prog. Theor. Phys. 96 

(1996) 847. 
[24] J. S. Dowker, Ann. Phys. 62 (1971) 361. 
[25] L. H. Ford, Phys. Rev. D 11 (1975) 3370. 
[26] J. S. Dowker and B. M. Altaie, Phys. Rev. D 17 (1978) 417. 
[27] D. J. O'Connor, B. L. Hu and T. C. Shen, Phys. Lett. B 130 

(1983) 31 [Erratum-ibid. B 130 (1983) 463]. 
[28] K. Ishikawa , T. Inagaki and T. Muta, Int. J. Mod. Phys. A 11 

(1996)4561. 

[29] T. Inagaki and K. Ishikawa, Phys. Rev. D 56 (1997) 5097. 
[30] J. I. Kapsta, Finite Temperature Field Theory (Cambridge Uni- 
versity Press, 1989). 
[31] S. R. Coleman and E. Weinberg, Phys. Rev. D 7 (1973) 1888. 



